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Abstract

The stress fields are obtained for a functionally graded strip containing a Volterra screw dislocation. The elastic
shear modulus of the medium is considered to vary exponentially. The stress components exhibit Cauchy as well as log-
arithmic singularities at the dislocation location. The dislocation solution is utilized to formulate integral equations for
the strip weakened by multiple smooth cracks under anti-plane deformation. Several examples are solved and stress
intensity factors are obtained.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The advent of materials with continuously varying volume fractions, the so-called functionally graded
materials (FGMs), and their technological potential have stimulated a fair amount of research in this area.
In principle, by controlling the material gradation during the manufacturing process of a mechanical com-
ponent fabricated from FGMs, the desired thermomechanical response may be attained. From the math-
ematical point of view, the analysis of FGMs requires the solution of differential equations with variable
rather than constant coefficients. In the mixed boundary value problems, arising in the fracture of FGMs,
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it is customary to approximate the constitutive law to render the final differential equations with constant
coefficients.

Various crack problems in FGMs, under in-plane and anti-plane deformations, have been tackled re-
cently. A brief review of articles concerning cracks under anti-plane shear are mentioned below. Erdogan
(1985) solved the problem of a crack perpendicular to the direction of interface of two half-planes of dif-
ferent FGMs. Two bonded isotropic half-planes with non-homogeneous interfacial zone weakened by a
crack in each region, where cracks were perpendicular to the direction of interface, was analyzed by Erdo-
gan et al. (1991). Crack at the interface of a FGM and a rigid half-plane was analyzed by Erdogan and
Ozturk (1992). In another paper Ozturk and Erdogan (1993) obtained stress intensity factor and strain
energy release rate for an interface crack between an elastic half-plane and a non-homogenous strip
whose other edge was bonded to another elastic half-plane. The application of hypersingular integral
equations to crack problems in non-homogeneous medium was studied by Chan et al. (2001). Huang
et al. (2002) considered the coating of a half-plane with FGM. The coating zone contained a crack,
and was divided into sublayers with linearly varying material property. The stress analysis in a non-
homogeneous interfacial zone between two dissimilar elastic solids was accomplished by Wang et al.
(2003a). The stress intensity factor in a FGM strip containing crack parallel to the edge was obtained
by Wang et al. (2003b).

In the present article, we employ the distributed dislocation technique to analyze multiple curved cracks
in a FGM strip under anti-plane shear. The shear modulus of material is represented by an exponential
function. The technique necessities the solution of screw Volterra dislocation in the region. The complex
Fourier transform is employed and two solutions in series and integral forms are obtained for stress fields.
The solutions are then used to obtain singular integral equations for the dislocation density on the surface
of multiple cracks. These equations are solved numerically and the solutions are employed to determine
stress intensity factors for cracks with different configurations and arrangements.
2. Strip with screw dislocation

We consider a strip with thickness h made up of FGM, where the elastic shear modulus l varies contin-
uously in the thickness direction, Fig. 1. Under conditions of anti-plane deformation the only component of
the displacement vector is the out-of-plane component w(x,y). Consequently, the constitutive relationships
read as
Fig. 1. Strip weakened by a screw dislocation.
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sxz ¼ lðyÞ ow
ox

syz ¼ lðyÞ ow
oy

ð1Þ
Utilizing Eq. (1) the equilibrium equation in terms of displacement may be written as
o
2w
ox2

þ o
2w
oy2

þ l0ðyÞ
lðyÞ

ow
oy

¼ 0 ð2Þ
Eq. (2) is solved by means of the complex Fourier transform defined by
F ðsÞ ¼
Z 1

�1
f ðxÞe�isx dx ð3Þ
where i ¼
ffiffiffiffiffiffiffi
�1

p
. The inversion of (3) is
f ðxÞ ¼ 1

2p

Z 1

�1
F ðsÞeisx ds ð4Þ
Applying (3) to Eq. (2) with the aid of integrations by parts and in conjunction with the property of
decaying behavior of displacement and stress components as jxj ! 1 leads to
d2W
dy2

þ l0ðyÞ
lðyÞ

dW
dy

� s2W ¼ 0 ð5Þ
In Eq. (5), W(s,y) is the Fourier transform of displacement field. To facilitate the solution of the above
differential equation, the elastic shear modulus of FGM is considered as
lðyÞ ¼ l0e
2ky ð6Þ
where l0 and k are material constants. It is noteworthy to mention that by applying a suitable transforma-
tion to Eq. (5) a wider class of FGMs i.e., FGMs with three material constants, which renders a constant
coefficient differential equation for transformed displacement may be achieved (Erdogan and Ozturk, 1992).
Substituting (6) into (5) and solving the resultant equation, we arrive at
W ðs; yÞ ¼ AðsÞeðb�kÞy þ BðsÞe�ðbþkÞy ð7Þ

where b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ s2

p
and A(s) and B(s) are unknown. The traction-free condition on the strip boundaries

implies that
syzðx; 0Þ ¼ 0

syzðx; hÞ ¼ 0; jxj < 1
ð8Þ
Let a Volterra type screw dislocation with Bergers vector bz be situated in the strip at the point with
coordinates (g,f). The dislocation line is depicted in Fig. 1. The conditions representing the dislocation
are (Faal et al., 2004)
wðx; f�Þ � wðx; fþÞ ¼ bzHðx� gÞ
syzðx; f�Þ ¼ syzðx; fþÞ; jxj < 1

ð9Þ
where H(x) is the Heaviside-step function. The first Eq. (9) enforces the multivaluedness of displacement
while the second implies the continuity of traction along the dislocation line. The Fourier transform of
(8) and (9) by virtue of (3) results in
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dW
dy

ðs; 0Þ ¼ 0

dW
dy

ðs; hÞ ¼ 0

W ðs; f�Þ � W ðs; fþÞ ¼ bze�isg pdðsÞ � i

s

� �
dW
dy

ðs; f�Þ � dW
dy

ðs; fþÞ ¼ 0

ð10Þ
where d(s) is the Dirac delta function. Application of conditions (10) to Eq. (7) gives the unknown
coefficients
AðsÞ ¼ ðbþ kÞ
2b sinhðbhÞ e

�isg pdðsÞ � i

s

� �
bz �

ebf sinhðbðh� fÞÞ; 0 6 y 6 f

�e�bðh�fÞ sinhðbfÞ; f 6 y 6 h

(

BðsÞ ¼ ðb� kÞ
2b sinhðbhÞ e

�isg pdðsÞ � i

s

� �
bz �

e�bf sinhðbðh� fÞÞ; 0 6 y 6 f

�ebðh�fÞ sinhðbfÞ; f 6 y 6 h

( ð11Þ
Substituting (11) into (7) and applying the Fourier transform inversion formula (4) yields the displace-
ment field in the strip
wðx; yÞ ¼ bzekf

2

sinhðkðh� fÞÞ
sinhðkhÞ

� ibze�kðy�fÞ

2p

Z 1

�1

½b coshðbyÞ þ k sinhðbyÞ� sinhðbðh� fÞÞ
sb sinhðbhÞ eisðx�gÞ ds; 0 6 y 6 f

wðx; yÞ ¼ � bze�kðh�fÞ

2

sinhðkfÞ
sinhðkhÞ

þ ibze�kðy�fÞ

2p

Z 1

�1

½b coshðbðy � hÞÞ þ k sinhðbðy � hÞÞ� sinhðbfÞ
sb sinhðbhÞ eisðx�gÞds; f 6 y 6 h

ð12Þ
The first terms on the right side of (12) are constant and represent the rigid body motion of strip. Fur-
thermore, it is elementary to show that Eq. (12) satisfy the first condition (9). The stress components in view
of (1) and (12) may be expressed as
syz ¼ � ibzl0e
kðyþfÞ

2p

Z 1

�1

sinhðbyÞ sinhðbðh� fÞÞ
b sinhðbhÞ seisðx�gÞ ds; 0 6 y 6 f

syz ¼
ibzl0e

kðyþfÞ

2p

Z 1

�1

sinhðbðy � hÞÞ sinhðbfÞ
b sinhðbhÞ seisðx�gÞ ds; f 6 y 6 h

sxz ¼
bzl0e

kðyþfÞ

2p

Z 1

�1

½b coshðbyÞ þ k sinhðbyÞ� sinhðbðh� fÞÞ
b sinhðbhÞ eisðx�gÞ ds; 0 6 y 6 f

sxz ¼ � bzl0e
kðyþfÞ

2p

Z 1

�1

½b coshðbðy � hÞÞ þ k sinhðbðy � hÞÞ� sinhðbfÞ
b sinhðbhÞ eisðx�gÞ ds; f 6 y 6 h

ð13Þ
The integrals in (13) can be evaluated with the aid of contour integration and the residue theorem. The

integrands have simple poles occurring at sn ¼ �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnph Þ

2 þ k2
q

, n = 1,2, . . . whereas s = ±ki are regular
points. To carry out the contour integration, we require that the integrands vanish as j s j! 1. Conse-
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quently, for x P g, the contour of integration consists of the first and second quadrants of the complex s-
plane, while for x 6 g, the contour engulfs the third and fourth quadrants. Utilizing the residue theorem
leads to stress fields in the entire region
syz ¼ sgnðx� gÞ bzl0e
kðyþfÞ

2h

X1
n¼1

cos
npðy � fÞ

h

� �
� cos

npðy þ fÞ
h

� �� �
e�jx�gj

ffiffiffiffiffiffiffiffiffiffiffiffi
ðnph Þ

2þk2
p

sxz ¼
bzl0e

kðyþfÞ

2h

X1
n¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnph Þ

2 þ k2
q � np

h
sin

npðy � fÞ
h

� �
� sin

npðy þ fÞ
h

� �� ��

þk cos
npðy � fÞ

h

� �
� cos

npðy þ fÞ
h

� �� ��
e
�jx�gj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
np
hð Þ2þk2

q
ð14Þ
where sgn(x) is the sign function. For small values of jx � gj the series solutions (14) converge slowly and a
large number of terms are required to obtain accurate results. To circumvent this difficulty the integrations
in (13) should be performed differently. This task is taken up by splitting the integrals in (13) into odd and
even parts with respect to the parameter s and the stress fields are written as
syz ¼
bzl0e

kðyþfÞ

p

Z 1

0

sinhðbyÞ sinhðbðh� fÞÞ
b sinhðbhÞ s sin½sðx� gÞ�ds; 0 6 y 6 f

syz ¼ � bzl0e
kðyþfÞ

p

Z 1

0

sinhðbðy � hÞÞ sinhðbfÞ
b sinhðbhÞ s sin½sðx� gÞ�ds; f 6 y 6 h

sxz ¼
bzl0e

kðyþfÞ

p

Z 1

0

½b coshðbyÞ þ k sinhðbyÞ� sinhðbðh� fÞÞ
b sinhðbhÞ cos½sðx� gÞ�ds; 0 6 y 6 f

sxz ¼ � bzl0e
kðyþfÞ

p

Z 1

0

½b coshðbðy � hÞÞ þ k sinhðbðy � hÞÞ� sinhðbfÞ
b sinhðbhÞ cos½sðx� gÞ�ds; f 6 y 6 h

ð15Þ
In order to specify the singular behavior of the stress components, the asymptotic behavior of the integ-
rands in (15) should be examined. Since the integrands are continuous functions of s and also finite at s = 0,
the singularity must occur as s tends to infinity. By virtue of the following identities:
Z 1

0

esy sinðsxÞds ¼ x
x2 þ y2

; y < 0

Z 1

0

esy cosðsxÞds ¼ � y
x2 þ y2

; y < 0

ð16Þ
Eq. (15) may be recast to more appropriate forms
syz ¼
bzl0e

kðyþfÞ

2p
x� g
r2

þ
Z 1

0

2 sinhðbyÞ sinhðbðh� fÞÞ
b sinhðbhÞ s� esðy�fÞ

� �
sinðsðx� gÞÞds

� �
; 0 6 y 6 f

syz ¼ � bzl0e
kðyþfÞ

2p
x� g
r2

þ
Z 1

0

2 sinhðbðy � hÞÞ sinhðbfÞ
b sinhðbhÞ s� e�sðy�fÞ

� �
sinðsðx� gÞÞds

� �
; f 6 y 6 h
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sxz ¼
bzl0e

kðyþfÞ

2p
� y � f

r2
þ
Z 1

0

2 coshðbyÞ sinhðbðh� fÞÞ
sinhðbhÞ � esðy�fÞ

� �
cosðsðx� gÞÞds

�

þ2k
Z M

0

sinhðbyÞ sinhðbðh� fÞÞ
b sinhðbhÞ cosðsðx� gÞÞds

þk
Z 1

M

2 sinhðbyÞ sinhðbðh� fÞÞ
b sinhðbhÞ � 1

s
esðy�fÞ

� �
cosðsðx� gÞÞdsþ k

Z 1

M

1

s
esðy�fÞ cosðsðx� gÞÞds

�
;

0 6 y 6 f

sxz ¼ � bzl0e
kðyþfÞ

2p
y � f
r2

þ
Z 1

0

2 coshðbðy � hÞÞ sinhðbfÞ
sinhðbhÞ � e�sðy�fÞ

� �
cosðsðx� gÞÞds

�

þ2k
Z M

0

sinhðbðy � hÞÞ sinhðbfÞ
b sinhðbhÞ cosðsðx� gÞÞds

þk
Z 1

M

2 sinhðbðy � hÞÞ sinhðbfÞ
b sinhðbhÞ � 1

s
e�sðy�fÞ

� �
cosðsðx� gÞÞds

þk
Z 1

M

1

s
e�sðy�fÞ cosðsðx� gÞÞds

�
; f 6 y 6 h ð17Þ
where r2 = (x � g)2 + (y � f)2 is the distance from dislocation location and M > 0 is an arbitrary constant
which must be chosen such that it does not cause computational difficulty. The last integral in stress com-
ponent sxz is the Exponential Integral (Ei) defined as (Abramowitz and Stegun, 1965).
Z 1

M

cos½sðx� gÞ�
s

e�sðy�fÞ ds ¼ �Re Ei½ð�ðy � fÞ þ iðx� gÞÞM �½ �

¼ �c0 � logðMÞ � logðrÞ �
X1
k¼1

X½k2�
j¼0

ð�1ÞjMkðy � fÞk�2jðx� gÞ2j

kð2jÞ!ðk � 2jÞ! ; y P f

ð18Þ
In Eq. (18), c0 is the Euler�s constant, Re[z] stands for the real part of z and ½k
2
� is the largest integer 6 k

2
.

For the fast convergence of the series the value of M is taken less than unity. Eqs. (17) and (18) reveal that
stress fields exhibit Cauchy as well as logarithmic singularity at the dislocation position. Moreover, the
integrands in (17) decay sufficiently rapidly as s ! 1, which makes the integrals susceptible to numerical
evaluation.
3. Crack formulation

The dislocation solutions accomplished in the preceding section may be employed to analyze strip with
several arbitrarily oriented cracks. The stress components caused by a screw dislocation located at (g,f)
with dislocation line parallel to the x-axis may be written as
sjzðx; yÞ ¼ bz �
k1jzðx; y; g; fÞ; 0 6 y 6 f

k2jzðx; y; g; fÞ; f 6 y 6 h

(
j ¼ x; y ð19Þ
where kljzðx; y; g; fÞ, l = 1,2, j = x,y are the coefficients of bz and may be deduced from (14) and (17) for the
two different formulations. It is worth emphasizing that in Eq. (19), wherever the line joining points (x,y)



Fig. 2. Schematic view of a curved crack.
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and (g,f) makes small angle (61�) with the center-line of strip the series solution for screw dislocation
otherwise the integral form of solution should be invoked.

Let N be the number of cracks in the strip, Fig. 2. The curved crack configuration with respect to coor-
dinate system x, y may be described in parametric form as
xi ¼ aiðsÞ
yi ¼ biðsÞ; i ¼ 1; 2; . . . ;N ; �1 6 s 6 1

ð20Þ
The moveable orthogonal t, n coordinate system is chosen such that the origin may move on the crack
while t-axis remains tangent to the crack surface. The anti-plane traction on the surface of ith crack in terms
of stress components in the cartesian coordinates become
snzðxi; yiÞ ¼ syz cos hi � sxz sin hi ð21Þ

where hiðsÞ ¼ tan�1ðb0

iðsÞ=a0iðsÞÞ is the angle between x and t axes and prime denotes differentiation with
respect to the argument. Suppose screw dislocation with unknown densities Bzj(t), are distributed on the

infinitesimal segment
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½a0jðtÞ�

2 þ ½b0
jðtÞ�

2
q

dt at the surface of jth crack where the parameter �1 6 t 6 1.
The anti-plane traction on the surface of ith crack due to the presence of above-mentioned distribution
of dislocations on all N cracks yield
snzðaiðsÞ; biðsÞÞ ¼
XN
j¼1

Z 1

�1

Kijðs; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½a0jðtÞ�

2 þ ½b0
jðtÞ�

2
q

BzjðtÞdt; �1 6 s 6 1; i ¼ 1; 2; . . . ;N ð22Þ
where
Kijðs; tÞ ¼
�k1xzðai; bi; aj; bjÞ sin hi þ k1yzðai; bi; aj; bjÞ cos hi; 0 6 bi 6 bj

�k2xzðai; bi; aj; bjÞ sin hi þ k2yzðai; bi; aj; bjÞ cos hi; bj 6 bi 6 h

8<
: ð23Þ
The functions kljzðai; bi; aj; bjÞ, l = 1,2, j = x,y are introduced in (19), we should point out that in (23)
quantities with subscript i are functions of s whereas those with subscript j are functions of t. By virtue
of the Buckner�s principal (Korsunsky and Hills, 1996), the elasticity problem of a strip in the absence
of cracks under external loading should be solved which yields the traction on the crack surfaces with oppo-
site sign. Therefore, the left-hand side of Eq. (22) may be specified. The kernels of Eq. (22) are singular as

r ! 0, where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaiðsÞ � ajðtÞÞ2 þ ðbiðsÞ � bjðtÞÞ

2
q

. As was discussed previously, the dominant singularity
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of stress fields for dislocation as r ! 0 is of Cauchy type. Consequently, Eq. (22) are Cauchy singular inte-
gral equations for the dislocation densities. Employing the definition of dislocation density function, the
equation for the crack opening displacement across the jth crack become
w�
j ðsÞ � wþ

j ðsÞ ¼
Z s

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½a0jðtÞ�

2 þ ½b0
jðtÞ�

2
q

BzjðtÞdt; j ¼ 1; 2; . . . ;N ð24Þ
The displacement field is single-valued out of crack surfaces. Thus, the dislocation densities are subjected
to the following closure requirement:
Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½a0jðtÞ�

2 þ ½b0
jðtÞ�

2
q

BzjðtÞdt ¼ 0; j ¼ 1; 2; . . . ;N ð25Þ
To obtain the dislocation density, the integral equations (22) and (25) are to be solved simultaneously.
This is accomplished by means of Gauss–Chebyshev quadrature scheme developed in Erdogan et al. (1973).
The stress fields exhibit square-root singularity at the crack tips (Erdogan, 1985). Therefore, the dislocation
densities are taken as
BzjðtÞ ¼
gzjðtÞffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p ; �1 6 t 6 1; j ¼ 1; 2; . . . ;N ð26Þ
Substituting (26) into (22) and (25) and discretizing the domain, �1 6 t 6 1, the integral equations re-
duced to the following system of N · m linear algebraic equations
A11 A12 . . . A1N

A21 A22 . . . A2N

..

. ..
. . .

. ..
.

AN1 AN2 . . . ANN

2
6666664

3
7777775

gz1ðtpÞ

gz2ðtpÞ

..

.

gzN ðtpÞ

2
6666664

3
7777775
¼

q1ðsrÞ

q2ðsrÞ

..

.

qN ðsrÞ

2
6666664

3
7777775

ð27Þ
where the collocation points are
sr ¼ cos
pr
m

� �
; r ¼ 1; 2; . . . ;m� 1

tp ¼ cos
pð2p � 1Þ

2m

� �
; p ¼ 1; 2; . . . ;m

ð28Þ
The components of matrices and vectors in (27) are
Aij ¼
p
m

Kijðs1; t1ÞDjðt1Þ Kijðs1; t2ÞDjðt2Þ . . . Kijðs1; tmÞDjðtmÞ

Kijðs2; t1ÞDjðt1Þ Kijðs2; t2ÞDjðt2Þ . . . Kijðs2; tmÞDjðtmÞ

..

. ..
. . .

. ..
.

Kijðsm�1; t1ÞDjðt1Þ Kijðsm�1; t2ÞDjðt2Þ . . . Kijðsm�1; tmÞDjðtmÞ

dijDjðt1Þ dijDjðt2Þ . . . dijDjðtmÞ

2
66666666664

3
77777777775
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gzjðtpÞ ¼ gzjðt1Þ gzjðt2Þ � � � gzjðtmÞ
� 	T

qjðsrÞ ¼ snzðxjðs1Þ; yjðs1ÞÞ snzðxjðs2Þ; yjðs2ÞÞ � � � snzðxjðsm�1Þ; yjðsm�1ÞÞ 0
� 	T ð29Þ
where dij in the last row of Aij is the Kronecker delta, superscript T stands for the transpose of a vector and

DjðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½a0jðtÞ�

2 þ ½b0
jðtÞ�

2
q

. The stress intensity factors for ith crack in terms of crack opening displacement,
Fig. 2, is (Erdogan, 1985)
ðkIIIÞLi ¼
ffiffiffi
2

p

4
lðyLiÞ lim

rLi!0

w�
i ðsÞ � wþ

i ðsÞffiffiffiffiffiffi
rLi

p

ðkIIIÞRi ¼
ffiffiffi
2

p

4
lðyRiÞ lim

rRi!0

w�
i ðsÞ � wþ

i ðsÞffiffiffiffiffiffi
rRi

p
ð30Þ
where the subscripts L and R designate the left and right crack tips, respectively, and the geometry of crack
implies
rLi ¼ ðaiðsÞ � aið�1ÞÞ2 þ ðbiðsÞ � bið�1ÞÞ2
h i1

2

rRi ¼ ðaiðsÞ � aið1ÞÞ2 þ ðbiðsÞ � bið1ÞÞ
2

h i1
2

ð31Þ
The substitution of (26) into (24), and the resultant equations into (30) after using the Taylor series
expansion of functions ai(s) and bi(s) in the vicinity of the points s = ±1 leads to
ðkIIIÞLi ¼
lðyLiÞ
2

½a0ið�1Þ�2 þ ½b0
ið�1Þ�2

h i1
4

gzið�1Þ

ðkIIIÞRi ¼ � lðyRiÞ
2

½a0ið1Þ�
2 þ ½b0

ið1Þ�
2

h i1
4

gzið1Þ
ð32Þ
The solution of Eq. (27) are plugged into (32) to calculate stress intensity factors.
4. Numerical examples

In this section four examples are solved to demonstrate the applicability of the distributed dislocation
technique. In these examples all the lengths are normalized by the thickness of strip h, and except for
the first example the FGM constant k = 2 and the strip is under constant traction syz = s0 on the edges.
In the first three examples, the quantity for making the stress intensity factors dimensionless is
k0 ¼ s0

ffiffiffi
L

p
where L is the half length of crack.

4.1. A rotating straight crack

In this example, the effect of FGM exponent k on the stress intensity factors is studied. The strip is under
constant traction on the edges syz = s0 and far field traction sxz = s0 as jxj ! 1. The crack LR with length
2L = 0.5 is rotating around its center which is fixed on the center-line of strip. The variation of dimension-
less stress intensity factors verses the angle of rotation for isotropic strip, i.e., k = 0 and FGM strip with
k = 2.0 and 5.0 are depicted in Fig. 3. At h = p/4 the traction on the crack surface vanishes. Therefore,
the stress intensity factors are zero. For isotropic strip, due to the symmetry, the stress intensity factors
for crack tips are identical. For FGM strip, using several values of k, we observed that jgz(�1)j > jgz(1)j.
Thus, as it was expected, the crack opening displacement at the tip with smaller shear modulus is higher



Fig. 3. Dimensionless stress intensity factors for a rotating crack.

Fig. 4. Dimensionless stress intensity factors for a fixed and a rotating crack.
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than the other tip located in higher shear modulus region. However, in Eq. (32), the shear modulus
l(yRi) > l(yLi). The overall effects results in a higher stress intensity factor for the crack tip which is situated
in a stiffer zone.
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4.2. A fixed and a rotating crack

We consider two equal-length straight cracks situated on the center-line of the strip (Fig. 4). Crack L1R1

is fixed while L2R2 is rotating around its center. The crack configurations in parametric form are
x1 ¼ �0.25þ Ls

y1 ¼ 0.5

x2 ¼ 0.25þ Ls cos h

y2 ¼ 0.5þ Ls sin h � 1 6 s 6 1

ð33Þ
where L = 0.2 is the half length of cracks and h is the angle between crack L2R2 and the x-axis. The vari-
ations of kL1 and kR1

are not significant and are due to the change in the interaction between cracks. The
value of kL2 at small values of angle h, h < p/12, is higher than kR2

, which is attributed to the stronger inter-
action with the fixed crack i.e., distance between L2 and R1 is much shorter than between R2 and R1. At
larger values of angle h the interaction between the crack tip R2 and the fixed crack enhances while for
L2 decreases. In addition, the material shear modulus for R2 is larger than L2 resulting in j kR2

j> kL2 j.
At h = p/2 the applied traction on crack L2R2 is zero but the interaction between cracks produces unequal
values of stress intensity factor at crack tips. The foregoing inequality is valid everywhere, except in a nar-
row band around h = p/2, which reverses.

4.3. Two parallel off-center cracks

Two off-center equal-length cracks which are parallel to the strip edges are shown in Fig. 5. The cen-
ters of cracks remain fixed while the crack lengths are changing with the same rate. The dimensionless
stress intensity factors verses crack length are depicted in Fig. 5 for isotropic material and in Fig. 6
Fig. 5. Dimensionless stress intensity factors for two parallel off-center cracks in an isotropic strip.



Fig. 6. Dimensionless stress intensity factors for two parallel off-center cracks in a FGM strip.
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for FGM. As it might be observed the maximum stress intensity factor for the crack tips R1 and L2 occur
when the distance between them is minima. For isotropic medium we have kR2

> kL1 and kL2 > kR1
,

because crack L1R1 is closer to the strip center-line. For cracks in FGM the foregoing argument does
not hold.

4.4. Two curved cracks

In the last example two curved cracks which are portions of the circumference of an ellipse with the fol-
lowing parametric representations are considered:
aiðtÞ ¼ xc þ ð�1Þia cos 1

2
ð1� ð�1ÞitÞw

� �

biðtÞ ¼ yc þ b sin
1

2
ð1� ð�1ÞitÞw

� �
� 1 6 t 6 1; i ¼ 1; 2

ð34Þ
where the angle
w ¼ tan�1 a
b
cotu

� �
ð35Þ
and (xc,yc) = (0,0.3) is the coordinates of the center of the ellipse. The lengths of major and minor semi-
axes of the ellipse are a = 0.7 and b = 0.5, respectively. The problem is symmetric with respect to the y-axis.
The variation of dimensionless stress intensity factors against angle u for the crack L1R1 are shown in Fig.
7. The normalizing factor in this case is taken as k0 ¼ s0

ffiffiffi
a

p
. The stress intensity factor kR1

in FGM is higher
than kR1

in isotropic material. For the crack tip L1 the situation reverses. Nonetheless, the variation of stress
intensity factor for both materials manifest the same trend.



Fig. 7. Dimensionless stress intensity factors for two curved cracks.
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5. Conclusion

Stress analysis is carried out in a strip composed of FGM weakened by a screw dislocation. Two solu-
tions are obtained in series and integral forms, which may be considered as the Green�s functions for the
strip with multiple cracks under anti-plane deformation. The former solution is applicable wherever the line
joining dislocation and the point under consideration on the crack surface is almost parallel with the center-
line of strip whereas the latter solution converges otherwise. To study the interaction between cracks, and
also the effect of crack orientation stress intensity factors are obtained for four examples. Among other
findings, we observed that for a straight crack in FGM, stress intensity factors are enhanced as the shear
modulus of material increases.
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